Determination of "Diffusion" Erosion Coefficients for Some Tributaries
of Oaklimiter Creek, North-Central Mississippi

ZE'EV B. BEGIN

The Geological Survey of Israel
30 Malchei Yisrael St.
Jerusalem, Israel, 95501

ABSTRACT The lowering of base-level is a cause of accelerated erosion
and gullying. OQuantitative estimates of different stages of development
of gullies are necessary in order to provide an effective tool for land
management.

A simple mathematical model that describes channel response to base-
level lowering was proposed, the governing equation of which being a
diffusion equation, was applied to 10 tributaries of Oaklimiter Creek in
North-Central Mississippi, which were entrenched after channelization of
Oaklimiter Creek took place in 1965.

The "diffusion" erosion coefficients were determined by comparing the
1965 longitudinal profiles to those surveyed in 1981. .In order to be a
predictive tool for other streams in the area, "diffusion" coefficients
(K, in square feet per day) were regressed on drainage area (A, in
square miles), with the resulting equation:

K = 203.5 A1-66 (r = 0.935; n = 10; 0.05 <A < 7.3)

The "diffusion" erosion coefficient governs the rate of erosion in
different locations along the channel at different times and therefore
this equation permits a fair first-approximation estimate of channel
response.

INTRODUCTION

The lowering of base level is a cause of accelerated erosion in existing
channels, and may be the cause of initiation of gullies. Daniels (1960)
showed it to be the triggering mechanism of gullying in a wide area, and
other studies also show that degradation follows base-level lowering in
alluvial channels within a time-scale of some days (Kirkby and Kirkby,
1969), weeks (Mosley, 1984), years or decades (Schumm and Hadley, 1957;
Nordin, 1964; Livesly, 1975; Pickup, 1975; Simons and Li, 1980;
Kellerhals, 1982).

The development of gullies is significant to agriculturalists and
conservationalists because it has several undesirable effects, as
follows: the headward growth of gullies destroys agricultural lands and
undermines structure; the entrenchment of gullies causes lowering of
water-tables in valleys with the resulting negative effects of farming
and grazing; the increased sediment discharge causes loss of channel
capacity, increased flood probability and loss of reservoir capacity
(Heede, 1975; Curtis, 1976; Hadley and Shawn 1976).

Several causes may lead to the lowering of base level of streams:
tectonic upwarping of an area close to a previous base level (Kirkby and
Kirkby, 1969), downfaulting (Wallace, 1977), drawdown of a lake (Mosley,
1984), channelization of a main stream, leading to lowered water
elevation for its tributaries (Daniels, 1966; Schumm et al., 1984),
lowering water elevation of a main stream through dam regulation (Simons
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and Li, 1980; Kellerhals, 1982) or gravel mining (Simons and Li, 1980).
The delayed upstream effects of base level lowering may sometimes hinder
full recognition of the significance of this phenomenon.

As the perturbation in longitudinal profile caused by base level
lowering is propagated quite long distances upstream within some years,
gully entrenchment is a transient phenomenon on a time scale of years.
Since this particular time scale is of direct interest from an
engineering point of view, both the final state and the transient states
of gullies should be determined. Quantitative determination of
different stages of development of gullies are necessary in order to
provide an effective tool for land management, if base level lowering is
an expected outcome of some planned actions within a watershed. Such a
quantitative assessment may be provided by state-of-the-art dynamic
modelling which is "the development of water and sediment routing
techniques that can be used to predict the channel response to natural
and man—-induced variations and/or changes in sediment supply and
discharge" (Li and Simons, 1982, p. 471).

However, the physical processes governing stream responses may be
very complex and therefore their mathematical expression must involve
some uncertainty. There always exists a trade-off relationship between
the difficulty (and cost) of obtaining an accurate solution, and the
risk of an inadequate representation of the system (Overton and Meadows,
1976) . A common feature of dynamic models of channel response is that
the movement of sediment is traced by a numerical procedure step-by-
step, while in each step the temporal and spatial conditions of water
and sediment are considered. However, since the very basic problem of
accurate prediction of sediment transport has not been satisfactorily
solved, even a sophisticated dynamic model may contain considerable
inaccuracy if not properly calibrated versus the real world situation.
It should also be mentioned that as knickpoint migration involves rapid
changes of relatively steep channel slopes, the response of a channel to
the particular case of base level lowering may prove to be quite a
formidable task.

On the other hand, a simple mathematical model that describes channel
response to base level lowering was proposed, the governing equation of
which being a diffusion, or heat, equation, and it was successfully
applied in flume experiments (Begin et al., 1980a, 1980b, 1981; Begin,
1982). As will be shown below this model involves the simplifying
assumption that sediment discharge, under appropriate conditions, may be
considered to be directly, linearly proportional to the local bed slope.
This assumption is then used in order to obtain a "diffusion"
coefficient for the degradation process, and this coefficient lumps
together the water discharge and its interaction with the channel bed
sediments. As a result, the channel response is characterized by a
single coefficient which is determined through the overall performance
of the channel over a period of time. Calibration of the model,
therefore, involves the characterization of the average performance of
the channel using a single coefficient. The advantage of this approach
is that the basic equation has a simple numerical solution, resulting in
a computer program which is easy to handle and cheap to operate. With
proper calibration, this model - though simplistic in nature - may
provide practical, first—-approximation predictions of the response of
channels to base level lowering.

THEORETICAL BACKGROUND

In an alluvial channel with lateral inflow of sediment, conservation of
matter is formulated by the two-dimensional equation of sediment
continuity:
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where gg is sediment discharge by weight per unit width, vyg is the bulk

brought into the form:
gg = C1(1-1)P
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(1)

weight per unit volume of sediment, y is elevation of the channel bed, x
denotes distance along the channel (positive upstream with x = 0 at the
outlet), t denotes time, and B is the volume of lateral inflow of

sediments, per unit flow width, and per unit length of channel.
As noted by Gessler (1971), many sediment transport equations can be

(2)

where Cj and p are empirical constants; T and T, are the bottom shear
In

1
stress and the critical bottom shear stress, respectively.
particular, in some sediment transport equations the power p is 3/2.

these cases, if T>>7g, equation (2) reduces to:
/2

c:[s:C'f3

which leads to (Begin et al., 1981):
as =k X
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from which

3ds _ . 3% (5)
9% 9x?
with
k = C q, V(v £/89) (6)

where f is the Darcy-Weisbach friction factor; g is acceleration due to
gravity; q,, is the water discharge per unit width, and vy, is water
density.

Substituting equation (5) into equation (1) yields:

2
AR ™
ot vg ox?
defining:
K= "
Ys
equation (7) finally becomes:
2
W_gdY,p | ®)
ot ox?

This is a version of the well-known diffusion (or heat) equation, and
K of equation (8) thus becomes a 'diffusion coefficient', with
dimensions of {L2}/{T}. The elevation y at any time t, and distance x,
may be found once equation (8) is solved for y(x,t), and the solution is
dependent upon the boundary and initial conditions which are specified
for the problem at hand. ‘
For a channel having an initial linear profile described by: y =Y +
ax, for which base level is lowered by amount Y, the solution of
equation (8) (assuming B = 0) is:

Y(x,t£) = Y efr (x/2/KT) + ax (9)
where erf is the error function. :

It is important at this point to determine the conditions under which
equation (8) is a reasonable approximation. In other words we should
explore the range of hydraulic conditions and sediment sizes under which
equation (4) is reasonably close to well established sediment transport
equations, that is: we explore under what conditions equatiox% /£3) is A
practically close enough to equation (2) (with p = 3/2), or T s //2 (T';}gr?/
1+ 5 where m is the or. Defining h = Tgy/T we have T/ °/1T
(1-h) ¥2 =1 + m, or (1-h) ¥? (1+m) = 1. Solving for different h values
with a specified error, m, and taking values of T., for different grain
sizes from the Shield's relationship (using Vanoni, 1977, Fig. 2-44), it
is possible to determine flow shear stress values for different levels
of accuracy of equation (3) (Fig. 1). It should be noted that two
factors combine to largely increase the flow shear stress in a channel
influenced by base level lowering. First, the bankfull discharge
increases as the channel is being incised, the amount of incision given
by equation (9). Second, the slope of the channel increases, depending
on the amount of base level change, the distance from the stream mouth
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Figure 4. Longitudinal profiles of tributaries to Oaklimiter Creek
in 1965 and in 1981. Open circles denote best-fit profile
computed through Programme ERFUS5. Numbers denote lithological
units: 1,3 - Meander Belt Units; 2-Lacustrine Unit; 4 - Post
Settlement Alluvium.

as well as on the time since base level lowering. The change in slope
is determined by differentiating equation (9) with respect to distance: .

O = Y oxp (-xP/4KE) + a (10)

ox  VWAKt)
APPLICATION TO SMALIL NORTHERN MISSISSIPPI STREAMS

Entrenchment of Oaklimiter Creek

Some streams in the upper Yazoo Basin of the north-central portion of
the State of Mississippi were channelized in order to alleviate the
problem of frequent flooding. One of these streams is Oaklimiter Creek,
a tributary of the Tippah River which in turn is a tributary of the
Little Talahatchie River, which flows into the Sardis Reservoir (Fig.
2). Oaklimiter Creek was channelized in 1965, channelization entailing
realignment of the natural sinuous channel and steepening of its slope.
As a result of these works Oaklimiter Creek was entrenched into the
alluvium by as much as 15 feet between 1965 and 1981, the deepening
being accompanied by a great increase of channel width. The dramatic
response of Oaklimiter Creek to channelization was analyzed in detail by
Schumm et al., 1984.
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The entrenchment of Oaklimiter Creek resulted in the lowering of base
level of its tributaries, thereby causing their entrenchment. The
response of ten tributaries, ranging in drainage area from 0.05 to 7.3
square miles is analyzed here, in order to determine their "diffusion"
erosion coefficients, in an attempt to present an estimate of these
coefficients for other streams in that region.

Lithology

Four litho-stratigraphic units of Quaternary age, which were exposed in
tributaries in the studied area, were described by Schumm et al., 1984.
The lower unit, Meander Belt 1, is a fine grained meander belt deposit,
consisting mainly of readily erodible, cohesionless, medium and coarse
grained sand (0.03 <Dgp(mm) <0.5). Lacustrine deposits are found in
places above this unit. These consist of cohesive loess, which has a
well developed polygonal columnar structure. The inter—column seam
materials are cohesionless, very fine grained sands which provide the
failure planes for bed and bank erosion.

The Meander Belt 2 unit overlies either of these units. It is a
fine-grained meander belt deposit, similar to MBl but less cohesive and
more erodible. The unit covering all previous ones is the Post
Settlement Alluvium, comprising cohesionless, fine-grained sediments.

These units are shown on the longitudinal profiles of the studied
tributaries (Fig. 4).

Hydrology

Discharge-drainage area relationship for the Oaklimiter watershed were
worked out by the Soil Conservation Service (Table 1).

Flow computations for Pechahalee Creek were carried out by Michael
Baker Inc. for different recurrence interval. According to these
computations the one year flow produces a flow depth of about 3.5 feet,
and the 2.33 year flow produces a flow depth of about five feet. As the
median grain size of the units eroded by the stream is smaller than 0.5
mm, a shear stress of 0.9 1b/ft2 is needed in order that the assumption
of equation (3) will be a reasonable approximation (Fig. 1). Such a
shear stress is not obtained with the original channel slope (0.0025)
for Q5 33 but as base level is lowered by 10 feet, the appropriate
slope of 0.0029 is obtained as far as 12,000 feet from the mouth. This
calculation is done through equation (10) with K = 25629 ftz/day (Table
1).

Changes in Base-Level

The initial base level for the studied channels is considered to be the
1965 elevation constructed in Oaklimiter Creek, records of which are
filed with the Soil Conservation Service (Fig. 3). The 1981 profile is
the result of joining minimum bed elevation points on cross sections
surveyed by Michael Baker Inc. Another survey of cross sections of
Oaklimiter Creek was carried out by the Soil Conservation Service in
1973, and some additional, sporadic cross sections were measured in
1979.

The longitudinal profiles of Oaklimiter Creek (Fig. 3) indicate that
the studied tributaries underwent a slightly different history. By 1973
the base level of Pechahalee Creek and Tributary 28 was alredy several
feet below the 1965 base level, while the base level for tributaries 30,
33, 36 and 35.1 was only slightly lower than their 1965 elevations. For
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Table 1: Data on the studied tributaries of Oaklimiter Creek

I Modelling
* Drainage Discharge —r - ,
Tributary| Location | Length (sq‘?‘r:u.?les) q q (cfs) 2 Q Tu;e, |ax :;e’;::gcel géﬁ?éiéi:n .
} (££) (£t) 1 : 2.33 ; 5 | <50 (yrs) { (ft)}de\(df.atzzim X
- t4) ' (ft*/day)
Pechahalee| 32640 15500 7.28 417.4 763.3 1190.6 2584.0 16 420 { 1.19 { 25629.3
28 42900 4000 0.54 3.1 4.9 5.8 7.4 16 50 | 0.14 46.0
30 46850 5000 1.05 16.9 27.8 36.5 59.2 10 50 | 0.20 157.1
33 52225 3910 1.17 22.3 | 36.8 49.4 | 83.0 10 40 | 0.46 130.4
34 53525 3720 0.33 0.9 1.4 1.5 1.6 10 40 | 1.12 32.7
36 55250 3500 2.06 94.7 161.2 237.9 486.9 10 40 | 0.24 327.7
35.1 55820 2620 0.38 1.3 2.0 2.2 | 2.5 10 30 | 0.11 71.6
38 58500 1250 0.05 - - - 1 - 8 15 | 0.11 2.8
38.1 | 58850 2690 0.71 6.2 10.0 2.3 | 17.4 8 30 | 0.28 197.4
44 69500 4320 0.86 10.1 16.5 21.0 i 31.7 8 45 | 0.22 51.7

* Distance of mouth from Tippah River, measured along Oaklimiter Creek .

*¥*  Assuming that base level was lowered with a constant rate for this period.
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Figure 5. The dependence of K on Qg in the studied streams.

tributaries 38, 38.1 and 44 base level did not change up to 1973, but
elevations measured in Oaklimiter Creek in 1979 indicate that
degradation was well under way upstream of station 50,000. It may be
concluded that the base level lowering — and degradation - of all 10
tributaries occurred in 8-16 years. However, there was a phase-
difference between the two lower tributaries, which underwent most of
their level change between 1965 and 1973, and the other tributaries
which changed their base level during the period 1973-1981. The assumed
time of erosion for the different streams is presented in Table 1.

Selection of Tributaries

Thirty tributaries of Oaklimiter Creek were surveyed in 1981, with only
two or three cross sections surveyed along each one. In only ten of
these tributaries can the initial 1965 profile be reconstructed with
reasonable accuracy. Eight of the selected tributaries are those for
which the 1965 base level - as taken from the data on Oaklimiter Creek
(Fig. 3) - lie on the continuation of the upstream segment of the
longitudinal profile. For Pechahalee Creek it was assumed that the
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thalweg upstream of 12,000 feet is the intact 1965 thalweg, and a
similar assumption was applied to Tributary 36, upstream of 2750 feet.

RESULTS

Based on equation (8) Program ERFUS5 was written in order to enable
determination of the "diffusion" erosion coefficient K for channels
which in response to base level lowering degraded from a given initial
longitudinal profile to a given profile after a certain known time
period. 1In each iteration a new profile is calculated according to a
numerical solution of equation 8 (Begin, 1984). After each iteration
the resulting profile is compared to the final profile and the mean
square error is calculated.

When a minimum value of the mean square error is reached, the n-th
iteration profile is considered to best approximate the real final
channel profile and computation is stopped. The diffusion coefficient

is calcualted through:

2
K = 0.5n(AX)

T

where AX is the space interval along the channel (15 to 420 ft), and, T
is specified in Table 1. The calculations are based on the assumption
that base level was lowered in a constant rate for the period T.

The results of the simulations for the 10 tributaries are presented
in Fig. 4. For msot of them there is a good fit between the true and
the modelled 1981 profile.

The K values for 9 of the 10 studied tributaries were regressed on
their corresponding discharge values Qg (there are no data on discharge
for tributary 38). The results of this regression (Fig. 5) as well as
the regression of K on Qy 33 and Qsg show a high correlation between
discharge and K. This indicates that the "diffusion" erosion
coefficients as determined are indeed meaningful.

Lithological differences do not seem to affect the K values. The
Meander Belt units are similar to each other and most tributaries have
been entrenched in these. Tributaries 35.1 and 36 are partly entrenched
in the ILacustrine Unit, but they conform to the general behavior of the
studied streams. It seems that the erodibility of the Lacustrine Unit
is similar to that of the other units because it erodes along its
columnar structures.

In order to be a predictive tool for other streams in the area where
discharge measurements are not available, it is possible to use drainage
area as a surrogate for discharge, and so K values were regressed on
drainage area (Fig. 6) and the regression equation was calculated to be:

K = 203.5 al-664

(r = 0.935 for 10 data points) with K in square feet per day and A in
square miles.

CONCLUSIONS

The results of this study indicate that the process of stream
degradation in response to base level lowering can be realistically
ireated with the approximation of linearity for the relationship between
rate of sediment transport and bed slope. This leads to the possibility
of describing degradation by resorting to only one parameter - the
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diffusion erosion coefficient. In a field situation this coefficient is
determined on the basis of the long-term performance of streams. The
simplicity of the basic assumption leads to an algorithm which serves as
the core of a computer program which is simple and cheap to operate.

The good correlation between the diffusion erosion coefficient K and
the drainage area of the degrading streams can serve to calibrate K in
order to apply the results to other streams in the same region. Also,
the good correlation between K and discharge may permit extrapolation of
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similar results to streams in other regions. With an estimated K value,
the response of streams to possible changes in their base level can be
predicted, at least as a first approximation, as shown in the example
application.

An advantage of the proposed method is that it permits a quantitative
systematic view of the erosion of streams of different dize in different
watersheds, through the designation of a K value to the degradation
process. In order to turn this method into a useful engineering tool
what is obviously needed is an assembly of additional well-documented
cases under varied setups and hydrological conditions. The case of the
tributaries of Oaklimiter Creek indicates that this method can be
regarded as a promising one.
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